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Three  principal  areas  of  investigation  have  been  followed. 

1 . Kernel  functions  and  related  areas. 

Results  have  been  obtained  on  polynomial  density  in  Ber's 
Spaces,  Berman  Spaces  over  multiply-connected  domains, 

Total  Positivity  and  reproducing  kernels,  Szego  kernels 
and  the  Riesz  projection  theorem  and  Metric  on  Annuli. 

2 . BVP  and  IVP. 

Study  has  been  undertaken  of  transforming  BVP  into  IVP. 

In  particular,  a method  whereby  a well-posed  elliptic 
boundary-value  problem  of  the  Dirichlet  type  is  transformed 
into  a first-order  non-linear  equation  governing  the 
Green's  function  of  an  embedded  problem  is  studied. 

3.  Singularities . 

The  study  of  smoothings  of  analytic  singularities  is 
discussed.  In  particular,  generalized  complete  inter- 
sections and  their  spaces  of  deformations  are  analyzed. 
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1. 


APSTRArr 


Three  princip.il  areas  of  investigation  bavu  Rufen  followa^ 

Kernel  functions  and  related  areas. 

Results  have  been  obtained  on  polynomial  density  in  Ber's  Spaces, 

Berman  Spaces  over  multiply-connected  domains.  Total  Positivity  and 
reproducing  kernels,  SzegO  kernels  and  the  Riesz  projection  theorem 
and  Metric  on  Annuli^ 

TvpAnd 

Study  has  been  undertaken  of  transforming  BVP  into  TVP.  In  particular, 
a method  whereby  a well-posed  elliptic  boundary-value  problem  of  the 
Dirichlet  type  is  transformed  into  a first-order  non-linear  equation 
governing  the  Green's  function  of  an  embedded  problem  is  studied.’/^?*^' 

• ' * - - _ jd. ' 

Singularities  JE — - * 

The  study  of  smoothings  of  analytic  singularities  is  discussed,  in 
particular,  generalized  con^lete  intersections  and  their  spaces  of 
deformations  arc  analyzed. 


2 


The  objoctivos  nf  rcno.irch  undnrtnkon  undor  Roscarrh  Contract 
No.  DA-ERO-124-74-G0064  wore  tlio  followinq: 

(1)  Dotormination  of  rritnJuli  of  multiply  connected  plane  domains. 

(2)  Computation  of  conformal  mappings  onto  canonical  domains. 

(3)  Variations  of  kernel  functions  with  respect  to  its  domain. 

(4)  Transformation  of  boundary  value  problems  into  initial  value 
problems. 

(5)  Analogues  of  Schwarz-Pick  lemma,  distortion  theorems. 

(6)  Numerical  applications  to  the  theory  of  elasticity  and  fluid 
dynamics. 


I • Work  on  Kernel  Functions  and  Related  Areas. 

Work  has  been  done  in  the  area  of  kernel  functions  in  plane  domains 
and  metrics  in  plane  domainfi.  Th<'  folUiwin'i  li.iv«- 

obtained I 


1 • Polynor^.al  Density  In  Bors  spacos  I. 

Let  D be  a hounded  sltr^ly  connected  domain  such  that  //  X^“**dxdy  < - for 

D 

q > 1.  Here  Xjj(c)  is  the  Poincare' metric  for  D.  Define  A^(D),  the  Bers 
space,  to  be  the  Frechd't  space  of  holomorphic  functions  f on  D,  such  that 
**^**q.P  * ^ D **lf|^<lxdy  is  finite,  0 < p < -,  qp,>  i.  is  „eii  known 

that  che  polynomials  are  dense  in  aJ(D)  fc-  op  i 2.  We  show  tha^  they  are 
dense  in  A^(D)  for  qp  > 1 irrespective  whcjther  the  boundary  of  D is 
rectiflallc  or  not.  Accepted  for  publication  in  the 'Proceeding  of  the  Amer. 
Math.  Society" (Feb.  23,  1976). 

2*  Polynomial  Density  in  Bers  spaces  IT. 

This  paper  is  a continuation  and  a generalization  of  the  previous  work  (item  1). 
Here  we  assume  that 


tp  - sup  {q  € R:  n^(D)  - -).  n (D)  - ff  xj'^dxdy 


and  so  1 S S 2.  Us  let 


(Kto)  - 


»i  (D)  < • 
D 


(t^,«),  u (D)  - - 
^D 


and  note  that  {q  € R:  >i^(D)  < -}  - Q(tjj).  Of  course  Q(l)  - (!,•)  and 
Q(2)  “ (2,*).  With  the  notation  as  above  we  shci  that 

Theo.em  1.  The  polynomial  are  denre  in  A**(D),  0 < p < «,  qp  f Q(t  ) . 

« ^ D 


4. 


i 


I 


Theorem  2.  The  following  hold 

(I)  1 < tj,  < 2. 

(II)  If  D Is  a Iordan  domain  with  a roctlfiahle  boundary  aD  then  t^  ■ 1. 

(III)  There  Is  a Jordn  dom.iin  with  a non  rcctlilable  boundary  with  t^  ■ !• 

(Iv)  There  is  a domain  D with  1.17  < tj^  < 2. 

(v)  There  is  a doiualn  D with  t,  • 2. 

0 

submitted  to  the  ”J.  of  Lond.  Math.  Soc." 

3.  Profjectlon  on  Bergman  Spaces  over  Multiply  Connected  Domain.,. 

Let  0 le  a bounded  domain  of  finite  connectivity  (with  some  smoothness  require- 
ments on  its  boundary).  The  Bergman  space  of  D,  8^(0)  is  the  set  of  all  functions 

f(x),  analytic  In  D,  for  which  lif||  - {//  |f  (z)  l**dM(7)  < - 1 < p < -. 

^ D 

Here  dw(z)  - dxdy.  The  "natural  projection  of  L (D)  to  n (D)  is  given  by 

P p ° 

(P^)(J»)  “ //  f (z)KqO^« z)do>(z) » where  Kjj(z,^)  is  the  Re’’gman  kernel  for  D. 

P “ this  projection  is  not  bounded.  The  Ahlfors-Bcrs  theory  does  not 
sera  to  help  in  case  1 < p < •»,  Here  we  show  that  P is  a bounded  projection 
of  L^(D)  onto  Bp(D),  1 < p < •.  Moreover,  the  dual  of  8^(0)  is  isomorphic 
to  Bp#(0),  1/p  ♦ 1/p^  ■ 1,  1 < p < ••.  For  the  special  case  when  D is  the 
unit  disc  these  results  were  obtained  by  various  authors;  e.g.,  Zahar juta  and 
wudoviS;  Shields  and  Williams,  and  Forelll  and  Rudln.  Submitted  to  the  "J.  flir 
die  raina  und  angewandte  Mathematic" 

Total  Positivity  and  Reproducing  Kernels. 

Hara  wa  investigate  the  rcla*’ionsl)ip  botween  total  positivity  and  reproducing 
Botn^la.  We  extend  the  notion  of  total  posit ivi.,/  to  domain  (n  the  Ciimplex 
P^****»  doing  so,  we  also  give  a geometrical  interpretation  to  cert.iln 


Uronsklans  of  reproducing  kernels.  Appeared  in  the  "Pacific  J.  of  Mach.  Vol. 
55  (1974),  343-359. 


5 . Total  Positivity  oT  Certain  Reprodaring  Kernels. 

Here  we  study  the  total  positivity  of  various  kernels,  especially  reproducing 
kernels  o*  Hilbert  spaces  of  .analytic  functions.  We  do  so  by  employing  a 
familiar  device  known  as  the  "Composition  formula  of  Polya  and  Szego".  Using 
this  formula  we  are  able  to  give  a short  proof  ijor  the  variational  diminishing 
property  of  a generalized  analogue  of  the  la  Vallee  Poussin  menas.  This 
generalizes  earlier  work  of  Polya  and  fehoenberg  and  recent  work  of  Horton.  Our 
method  is  based  on  the  Isometrical  image  of  the  reproducing  kernel  called  the 
generating  function.  The  reproducing  kernel  is  then  expressed  as  a composition 
of  two  generating  functions  so  that  the  problem  is  reduced  to  investigating  the 
total  positivity  of  the  generating  function.  This  method  extends  earlier  work 
snd  yields  many  new  reproducing  kernels  which  are  total  positive.  Submitted 
to  the  "Pacific  J.  of  Math." 

6.  Additional  Current  Work. 


» N*».  • 

« I 'it  ll««\ 


Jacob  .'lurbca.  The  Pennsylvania  State  University,  University  Park,  Pa.  I6fi02.  The 
Szego  kernel . and  the  Riesz's  prolectlon  theorem. 


D be  a plane  domain  whose  boundary  consists  of  a finite  number  of  disjoint  analytic  curves, 
jlhis  restriction  could  be  weakened  considerably).  The  Hardy-Szego  space  11^(0)  is  regarded  as  a 
losed  subsp.ace  of  L^(dD),  I S p 2 •,  In  the  usual  way.  Let  Kj^(z,0  be  the  Ssc;jo  kernel  for  D .ai 
t (ff/iK)  - K (i:,*)f(s)|d*l  be  the  "natural  projection"  of  L (3D)  to  H (D).  Theorem.  P ^ 
continuous  projection  from  L^(dD)  onto  Hp(D),  1 2 p 2 •,  and  2 ||Pl|p2Ap^^  where  A^^^  ■ i 


'1>/P-I^c^j>p. 


Here  (J*l»2)  depend  only  on  D.  WJien  D is  the  unit  disc  this  theoret 


. the  classical  Riesz's  projection  theorem.  Corollary.  For  1^(30)  • Hp(D)  d H^(D),  1/p  + l/q-l 

I h.ive  H^(D)  ■ t'H  (D).  Here  s'  - s'(s)  whore  s • s(s)  is  the  parametrisation  of  dD  with 
P 

'spcct  to  the  length  paraisetor  s. 


s. 


b. 


Jacob  Burbca.  Tlio  Per."  lylvar.ia  State  Universit’,  University  Parit,  P.i.  16802 
Metric*^  on  an  anfiUis . 


Let  K be  the  annulus  {z:r  |z|  < 1),  0<  r<  1.  The  Carath^odory  metric 

for  R Is  given  by 

(*)  dC^(z)  - lz|  ^ {X*(2  log  |z|  ;cL)j^,a)2)-ej}ldz|^ 

where  X*  is  the  Wclerstracs  J*-function  with  the  half  periods  ■ irl  and 

«2  ■ log  r.  Here  e^  ■ IP  * f°r*''ula  (*)  settles  a question  raised  in 

Kobayashi ("Hyperbolic  Manifolds  and  Holomorphlc  Mappings",  Marcel  Dekker,  New 

York,  1970],  p.  52.  It  is  well  known  that  d|^(z)  < dP^(z),  where  dPp(z)  is 

the  Poincare  metric  for  R.  In  this  case  dP_(z)  is  also  the  Kobayashi  metric 

R 

2 2 

for  R We  show  that  dCj^(z)  < uPj^(z).  This  could  be  regarded  as  an  example 
in  which  for  non  symmetric  domain  the  Kobavashl  metric  could  be  strictly  bigger 
than  the  Caratheodory  metric  for  each  point  of  the  domain. 


The  Carath^odory  metric  in  plane  domains. 

Let  D be  a domain  in  C U {•}  whose  boundary  consists  of  more 
than  two  points  and  let  dP^(z)  be  its  Poincar4  metric.  Theorem  1. 
Let  D as  before  and  let  dS^Cz)  s g(z,z)|dz|^  be  a conformally 
invariant  Kaehler  metric  on  D.  (i)  If  D is  simply  connected 
the  curvature  of  dS^  is  constant  and  if  also  dS^  is  complete 
this  constant  is  negative.  (ii)  If  complete  and 

g(z,z)  is  a single-valued  analytic  function  in  (z,z)  then  if 
the  curvature  is  content  (must  be  negative)  D is  simply  connected. 
The  Carathdodory  metric  dC^(z)  is  given  by 

dC|j(z)  a (iwKjj(z ,z) ] |dz|  where  Kj^(z,z)  is  the  Szego  kernel 
for  L,  theorem  2 . dC^Cz)  has  a negative  curvature  whose  value 
on  9b  is  -4.  According  to  Theorem  x the  curvature  is  not 

I 

a constant  unless  0 Is  sirply  connected*  It  is  well  known  that 
2 2 

dCp(z)  < dPp(z),  in  fact  we  show  that  dC^(z)  < dP^(z)  when  D 
is  doubly  connected. 


7. 


The  dual  of  the  Rer^iAan  space  in  piano  domains . 

Let  D be  a bounded  plane  domain.  The  Bergman  space  of 

D is  the  set  of  all  functions  f(z),  analytic  in 

D for  which  I |f||p  = < « , 1 < p < - . 

The  ’’natural  projection"  of  Lp(D)  to  Ap(L)  is  defined  by 

means  of  the  Bergman  kernel  for  D.  If  p = 1,  this  projection 

is  not  continuous.  The  theory  of  Bers  dc*^s  not  seem  to  help  in 

case  1 < p < «»  . Theorem.  P is  continuous  from  L (D)  onto 

" ~ P 

Ap(D),  1 < p < 09  and  ^ 11^1  Ip  1 , where 

Cp^  ^ ~ k^^Vp-1  c^^^  are  constants  depending 

only  on  D.  When  D is  the  unit  disc  jthis  theorem  was  first 
proved  by  Zaharjuta  and  Judovic  (Uspehi  Mat.  Nauk. , 19(1964), 

No.  2(116),  139-192].  Theorem  2.  The  dual  of  A_(D)  is  iso- 

p 

morphic  to  A (D),  1 < p < » , 1/p  ♦ 1/q  = 1.  Unless  p = 2, 
Ap(D)  is  not  isometric  to  A^(D)  and  the  "isometry  distortion" 
I-  satisfies  < I < . 

q q - q - ''q 

The  annihilator  of  the  Bergman  space  in  plane  domain. 

Let  Ap(D),  1 < p < «»  be  the  Bergman  space  in  a bounded  plane. 

domain  D.  The  natural  projection  involving  the  Bergman  kernel) 

P is  continuous  and  so  L„(D)  = A (D)©  A^(D)  where  A^(D) 

p p q q 

is  che  annihilator  of  A^(D),  1/p  + 1/q  = 1.  Theorem  1 . 

57  ^ «r.d  h "vanishes  o;.  i»D"}.  This 

generalises  a result  of  Schiffer  [Rend.  Mat.  e Appl.  22(1963). 
447-468]  when  p » 2.  Asaumo^^P  has  a Green  function  Gjj(2,c) 
md  d.fin.  (LfXO  . 4 ^ nrrisnty.  Thl.  operator  is  in 


» 


8. 


fact  a IJilhcrt  tranrif<'i>'m.  Thooron  2.  Let  f e I.  . 

' p ’ 

1 < p < 00  , L f = (I-P)f.  This  generalizes  a result 

of  Block  (Proc.Amer.  Math.  Soc.  4(19S3),  110-117].  The  above 
theorems  enable  us  to  deduce  various  projection  theorems  on 
operators  defined  by  means  of  domain  functions. 


Jf::' 


II. 


Work  on  Boundary  Value  Problems . 

With  roforoncf-  to  thr  problem  of  trannforminq  boundary  value  probletnj? 
to  Tr.it  lal  Value  Probli'ms,  tho  following  results  h.ive  been  obtained: 


9. 


1. 


-ntrc-.-ctior 


In  this  note  we  present  forir.ally  a method  whereby  a well 

posed  elliptic  boundary  value  problem  of  the  Dirichiet  type  is 

% 

t:  ansfor.ded  into  seekin"  a solution  for  a first  order  non-linear 
or.uatlcn  [^o\fCT'r\LT\"  th\-  Green's  function  of  an  embedded  problem.  We 
examine  on  operator  defined  on  a domain  bounded  by  an  analytic 
closed  Curve,  and  exploiting  properties  of  the  mapping  function 
defined  in  terms  of  the  kernel  function,  we  map  the  domain  into  a 
disk  On  this  new  domain  we  examine  the  variations  of  the  Green's 
function  v ith  changes  in  the  domain.  The  method  can  be  extended  to 
multiply  connected  domains  and  to  Neumann  type  problems. 


The  Formulation: 


Suppose  D is  a bounded  simply  connected  domain  in  C with 
a boundary  curve  C of  class  C*'  (n>2).  Let  c D . Let  f(z,t^)  be 

tne  unique  analytic  mapping  which  maps  D onto  ~ (wj (wj  < R^}  ^ 


and  such  that 


3f 


a) 


Suppose  is  the  curve  f » R ^ » bounding  the  simply 

connected  domain  D . Then,  the  family  of  curves  and  domains 

have  the  following  properties; 


a)  Cjj  « C ; Cj^  * D and  * t^ 

o o 

b)  C,J  n Cj^,  « ♦ if  R ^ R' 


Dj«,  c Djj 


if  R*  < R 


To  ^he  domain  D is  associated  the  kernel  function  IHJ 


in. 


K(  = ,t^)  = --ty  f»  (z,t^)  with  zcD 


(2) 


and  TO  the  dor.ains  Dj^  wo  associate  the  kernel  function 


' nr 

ttR 


(3) 


In  (3)«  f is  understood  to  be  the  restric 


ion  of  the  r.anplng 


function  associated  with  the  domain  D to  the  domain  . 


Consider  the  elliptic  operator 


L s 


8x’sx.  »i  3x.  - 


(4) 


D and  which  is  assumed  to  be  uniformly  strongly  elliptic 
and  self-adjoint  with  i-he  coefficients  and  d functions 

^la^ined  on  D and  sufficiently  smooth  such  that  a unique 
solution  ^xists  to  the  Dirichlet  problem  IF] . 


Lu  « 0,  u s a on  C 


(5) 


We  denote^  the  restriction  of  the  operator  L to  D«  by  L«  • There 
then  exists,  for  each,  domain  Dj^  a Green's  function  (the  fundamental 
solution)  Gj^(p^.Pj)  associated  with  L^u^  a F , ^ on  . 

whose  solution  is  simply  given  by 


Ujj(pi)  a f rCpj)  Gj^(p^.pj)  dA 


(6) 


■7' 





I 


11. 

I 

Der.oto  by  the  disk  cf  radius  R . 3y  utilizing  the 

A 

r..-.ppi.-.g  function  f in  we  ca.n  get  a new  operator  Lj^  defi"ed 

on  t namely, 

A 

K =. 

1 

where  now  (yj^jy^l  = (>^,6)  and  the  coefficients  are  functions  of  the 

I 

new  variables.  V.’e  now  normal ize  our  coordinates  by  means  of  the 

ccor-ir.ate  transfor.T.ation  9 = 0 and  r = pR  to  gc't  the  new  operator 

instead  of  (7)  with  a.  • "*  a.  . *,  b.  b.  and  d 2[  now 
^ ij  13  i i. 

functions  of  (p,0)  and  the  para.T.eter  R • 


2 

I 


ij  5y^3y. 


7 

I 

i = l 


3 


- d 


(7) 


For  simplification  of  the  analysis,  now  specialize  to 
the  case  where  the  coefficient  cf  in  is  such  that 

o(p,6)  - R d(pR,0)  > 0 and  a^^  and  b^  are  independent  of  . 

• Define  the  following  operator:  fifj^  = + R^d  , which  is  independent 

j of  R . By  the  fund.imental  properties  of  the  Green’s  function, 

I ^R  associated  with  and  the  use  of  Green's  theorem  and  by 

I exar.ining  the  dependence  of  2fj^  on  the  parameter  R we  can 

j derive  the  following  initial  value  problem  for  the  Green's  function:  * 

• “5R*^^  ■ I If  ♦ 2Rd]  2fj^(P.t)  2fj^(t,Q)  dA(t)  (8) 

where  t » (p,6)  and  with  (8)  is  associated  the  initial  condition 

I 

Vp,g>l  . S <»,Q)  („ 

|R«0 

where  <»^(P,Q>  is  tha  unique  function  such  that  * -6(P-Q) 

with  vanishing  tor  P c . 

I » Mil  

, __ 
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Equation  (b)  constitutrs  the  basic  new  problen  Wnich 
need  be  solved.  In  general,  for  this  specialized  case,  for 

A 

sufficiently  cor.plicated  d one  has  to  tackle  the  problem 
by  nu.T.crical  technirues  and 'iterative  procedures.  The  formu- 
lation above  has  assumed  the  existence  of  a kernel  function  which 
mapped  the  domain  Dj^  onto  the  disk  . Following  the  methods 
outlined  in  [E]  , one  can  find  the  kernel  function  utilizing 
appropriate  numerical  schemes. 


oerjr.an*  S,  , The  Kernel  Function  and  Coniorinal  Mapping, 

Math  Surveys  5,  AMS,  Providence,  R.I.  1970. 

% 

Fricdr.an,  A.,  Parti-1  Differential  Equations, 

Holt  S Rinehart,  1971. 

Hill«,  E. , Analytic  Function  Theory,  Vol.  II, 


Ginn  ( Co.,  1962. 
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III.  Work  on  Distortion  Theoreins. 

As  an  offshoot  of  the  work  on  distortion  theorems  and  moduli  of 
domains,  further  investigations  into  the  general  theory  of 
deformations  were  begun  (see  Status  Report  #3) . 

The  following  preliminary  results  have  been  obtained  in  this  areat 
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0.  Introilurlinn.  In  this  research  repoil  we  discuss  the  deformation  theory  of 
intersections  of  germs  of  perfect  analytic  varieties.  It  is  well  known  that  hyperr.ur- 
facc  singularities  are  always  smoothahic  and  that  the  parameter  space  .V  of  the 
versal  deformation  space  of  a hypcrsurfacc  singularity  is  isomorphic  to  the  para- 
meter space  of  the  space  of  infinitesimal  first-order  deformations  of  the  given 
hypersuface.  As  noted  in  (5)  the  same  results  arc  true  for  complete  intersections  of 
hypersurfaces.  If  we  r"ovc  on  from  hypcrsurfaccs  to  pure  codimension  two  analytic 
objects  and  in  addition  add  the  hypothesis  of  perfectness  we  find  similar  phenomena 
occurring.  In  particular  in  [9|,  [II]  it  is  shown  that  a germ  X of  a perfect  analytic 
variety  of  codimensioa  two  in  O (n  S 5)  will  always  be  smoothahic  and  if  n > 5 
then  even  though  X is  not  generically  smoothable  it  nevertheless  has  a well-under- 
stood  generic  forni  X'  whose  singular  iocus  has  codimension  4 in  X'.  In  The- 
orem I we  show  that  a proper  intersection  X m f)  X„  of  perfect  germs  of  analytic 
varieties  has  smoothness  properties  at  least  as  good  as  those  of  the  individual  germs 
X4,  Thus  if  the  AT,  all  have  codimension  at  most  two  then  X will  always  be  deform- 
able to  a germ  X'  with  codim(y(A"),  X')  ^ 4.  In  particular  if  dim  A'  ^ 3 it  will 
always  be  smoothable. 

In  (9),  (II)  it  is  Jso  shown  that  all  first-order  deformations  of  germs  of  perfect 
analytic  varieties  of  codimension  two  in  C*  can  he  lifted  unobstructedly  to  fiat 
analytic  deformations  of  the  germs.  In  Theorem  2 sve  show  that  the  same  is  true  for 
proper  intersections  of  such  germs. 

We  deal  throughout  with  germs  of  analytic  subvarieties  at  the  origin  in  some 
O as  defined,  for  example,  in  (.1).  (4).  Cx  denote  the  structure  sheaf  of  (he 
subvariety  X,  J{X)  its  defining  ideal  and  its  singular  locus.  All  other  definitions 
and  notation  will  be  as  in  [A],  [4]. 

AMS  (MOS)  utblttl  elaiiifiratkmt  (1970)  Prinury 

*TIm  dm  author  was  supported  in  par*  by  (he  European  Rosearch  Office  under  coninct 
DAER(VI2474-G00M  during  the  period  when  this  research  was  conducted. 

O 1971,  Awirtrn  StoikoMiKal  Zjttm 
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one  t<;ol,iic<i  singular  point,  but  not  smoo’habic. 

2.  Smoothing  intersections.  To  determine  to  what  extent  smoothability  is  pre- 
served under  intersection  we  first  need  some  preliminary  lemmas. 

Li  mma  1. 1 (cr.  17])  ! et  P he  a Northerian  local  rina  and  suppose  J is  an  ideal  in  P 
such  that  B ^ P I J has  projective  dimension  m as  a P-module.  Let  N be  a finite 
P-modiilc. 

Then  for  all  i > m ~ depth  jN,  Tor,(B,  N)  0. 

Proof.  Induction  on  oepin  jS. 

l.rMMA  2.2  ’tuppose  X-„  ATj  are  perfect  germs  of  analytic  sti'-varieties  at  the  or‘gin 
in  C-.  Le  /,  = ./(A',),  » ^(Ar-J,  r,  = at*d  Then,  if 

bt  ( /.  + /:)  = hi  /,  + ht  /2. 

(1)  Tor;*(r,,<"-(  0/ori  > 0,  . 

(2)  /,/2  " /,  n /:. 

(3)  A',  p,  Xt  is  a perfect  germ. 

rmi«»r.  (I)  III  (/,  » /j)  ~ hl/i  + ht  /,  implies  depth  /,  A - dcpih  /A- 
Then,  by  lemma  I,  Tor,(r|.  Ci)  •-  0 for  i < pros  dim  ,<^|  - depth 
• depth  /..A  - depth  /,A  “ 0 since  is  perfect. 

(2)  Since  /,/j  c /,  f]  /litsullicesto  show/i  0 /z  c /i/t-  Let 

jpmj-.jpr  -■'L  _L.  (9,  _ 0 

be  a segment  of  a free  resolution  of  C\  obtained  by  setting  di(a)  o f where 
/-  and  {/i.  •”.//)  generate  Then  tensoring  by  A and  using 

Tor, (Pi.  Pj)  gives  the  desired  result. 

(3)  is  a straightforward  calculation  showing  codim  (ATj  H Xt,  O) 

< proj  dim  ,X\. 

Lemma  2.3.  Suppose  Af,.  Afj  are  germs  of  analytic  subvarieties  of  0 e C«  with 
/i  - J(Xi)  and  /i  •‘J(Xi!i  and  suppose  /i  0 /z  » /i  D /z-  Suppose  f'x 
-.  ( P,,  Ti,  T),  - (Vj,  j,  D are  flat  deformations  of  A'j  in  C".  Let  V =* 

n Pz>  considered  a subvariety  in  C*  x T with  projection  jr ; K -»  T,  and  set  i'  ^ {V, 
n,  T).  Then  i'  is  a flat  deformation  of  X\  D X^  in  C*. 

Proof.  To  show  ir : 1^  -•  T is  flat  we  must  show  that  all  the  relations  cn  + fls 
lift.  We  can  demonstrate  that  since  /i  fl  /z  /i/z  “h  *“^h  relations  are  gener- 
ated by  relations  on  /i  and  /t  and  by  trivial  relations.  But  all  such  relations  lift, 
so  a is  flat. 

Thfurem  I (CF.  («I).  Let  Xi,  Xt  be  germs  of  perfect  analytic  subvarieties 
of  O smooihahle  to  order  k.  Suppose  codim(Af,  0 A'z,  C")  • codimCATj,  O) 
4-  codim  (ATj,  O').  Then  X » X\  0 Xt  is  a germ  of  a perfect  analytic  subvrriety  of 
O smoothdtie  to  order  k. 

Proof.  Let  •f'*  ■ (K/,  *<,  T,)  be  the  hypothesired  smoothing  of  AT,,  i-et  G 
m G/1(-,  C)  be  the  afline  transforr/.ations  of  O and  let  T - C x T|  x 7 s-  Let 
be  the  deformation  of  Xi  o«er  Tgiven  by  - g(>'i.i,)Rnd  7‘i  the  defor- 
mation of  Xf  given  by  - Pf.,,.  Let  / - H )^s  ^ * T and  /'  he  tim 

cencsponding  defornialiw.i  of  X.  Thes  F * is  a flat  dcformat'''n  Lemmas  2.  ^ and  it 
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1.  Definitions.  We  recall  that  = (K,  s,  7^  is  a flat  deformation  of  in  Y 
if  ;r : I'  -•  T is  a flat  map  of  germs  of  analytic  varieties,  X,  Y are  germs  of  analytic 
varieties,  X a subvariety  of  >',  V a subvariety  of  K x T,  and  X “•  Ko-  We  can 
a"umc  without  lr>ss  of  generality  that  f'o  * is  defin'd  in  «ome  open  neighbor- 
hood of  the  origin  in  Y = C"  by  holomorphic  equations  /(x)  =>  0,  i = 1,  •••,  *». 
and  that  V has  equations  /,(x,  i)  = 0,  i »-  I,  •••,  m,  in  O x r with  f,(x,  0) 
— /,<x).  As  a working  definition  of  flatness  we  take  Tt'-V  — T \s  flat  if  every  rela- 
tion r(x)  =.  (r,(x),  •••,  r„(x))  between  ihc /,vx).  (i.e.,  2 r,(x)/,{xi^-  0) 

can  be  lifted  tc  a relation  r(x,  t)  = (r,  (x,  /),  •••,  r„(x,  /))  between  the f,(x,  l). 

If  y'  is  a flat  deformation  of  Jt'in  C"  we  shall  say  y'  is  a smoothing  of  A' to  order 
k if  the  generic  fiber  Y,  of  i'  has  singular  locus  J..  with  codim  (2’„  V,)  ^ k.  If  V, 
is  nonsingular  then  i'  is  a smoothing  of  X.  We  say  X is  smoothabic  to  order  k if 
it  has  a smoothing  of  this  order  (k  = oo  if  and  only  if  X is  smoothabic). 

We  call  X rigid  if  all  flat  deformations  of  X arc  locally  trivial.  In  particular  a 
germ  of  a rigid  singular  variety  A'  is  not  smoothabic.  Even  nonrigid  X may  not  be 
smoothabic  as  shown  by  examples  of  Mumford  and  Schlc.»singcr  (10),  (12].  In 
particular  there  exist  curves  in  P"  which  are  not  smoothabic.  On  the  other  hand  all 
analytic  curves  in  are  smoothabic.  [The  question  for  reduced  irreducible  curves 
in  I”  is  still  open.) 

We  recall  that  given  any  germ  of  a 1-dimensional  variety  (at  the  there  exists  a 
finite-analytic  mapping/:  V C''  exhibiting  as  a finitely  generated  //-module. 
We  say  *■'  is  perfect  if  vC  is  free  as  a / -module. 

This  is  of  course  equivalent  to  the  Cobcn-Macaulay  condition  that  depth 

dim  v-r  * dim  T where  I'  is  a subvariety  of  C".  Now  by  (9),  [II]  if  I'  C\C"  is  a 
perfect  germ  of  codimension  2 and  n £ 5 then  Y is  smoothabic.  Since  all  pure 
l-diir.ensional  varieties  are  r'v'rfcct  we  find  that  all  curves  in  arc  smoothabic. 
The  above  results  are  in  a sense  best  possible.  If  /i  » 6 the  familiar  example  of  the 
cone  of  the  Segre  embedding  X of  P'  x P-  in  /**  is  perfect  of  codimension  2 but  of 
course  not  smoothabic.  ^ 

The  key  aspect  of  the  proof  of  the  above  rewms  of  Schaps.  today  is  showing  that 
a germ  of  a perfect  subvariety  of  codimension  2 is  necessarily  dcterminantal.  (We 
shall  that  a germ  of  a variety  I'  is  dcterminantal  of  type  («i,  n,  /)  if  y(Y)  c is 
generated  by  the  / x / minors  of  some  w x n matrix  /t  with  coclficicnts  in  v<'o  RftJ 
ht  ./  =«  coslim  r = (m  - / + 1K«  - / + I).  In  particular  if  is  perfect  of 
codimens'on  2 then  ./(Y)  is  generated  by  the  maximal  minors  ol  an  « x («  - 1) 
matrix.  Now  it  can  be  .shown  that  if  Yi%  dcterminantal  of  type  (»i.  r,  I)  then  generi- 
cally  its  singular  locus  will  have  cofimension  (w  - / -t-  2)(n  — i -f  2>  and  thus 
codim(y(l'),  Y)  m + n - 21  + 3. 

Pet  feet  subvarieties  of  cedim  2 arc  dcterminantal  of  type  (»,  »*  - 1,  .•»  - I), 
codimension  {.'/'{Y).  Y)  » 4,  thus  giving  us  the  Schaps.  Loday  result.  This  e’;o 
furnishes  ui  with  examples  of  perfect  coslim  2 varieties  which  are  smoothabic  ;o 
orderl.  hutnoti  + I . The  variety  given  by  the  2 x 2 minors  of 

■ X4 

'-..v-  X,.Vs 
•Vj  Jfii  . 

will  have  singular  I«k'us  of  eiHliincnsion  t>nc,  will  be  snuHith.iblc  to  a variety  with 
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-•  Hom^f.(y(.V,),  r^)  be  I'..'  map  n,(T 0/)(.(»)  = fT(g)  for  "6>(Ar,). 

Te  Wc.lpfine  y,  im  nx\Nx,x2  ~ I"’  «2- 

The  following  can  then  he  proven: 

Lfmma  3. 1 . Let  X\,  A'j  he  perfect  germs  of  analytic  s'lnrarienties  at  the  origin  in 
C’  which  »*c  atfiane  to  he  il/ineil  hy  iiieah  y,.  7,  resfectivcly.  Let  AT  - A^i  f1  AT, 
ami  suppose  co  'Mimf.V,  C")  -=  codim(A',,  O)  + codim  ^Y2,  C»).  Then  if  X„  i 
B 1,2,  u cithc'  r complete  intersection  or  'f  codimensicn  2,  /Ac/i(l)nr,  is  onto, 
/ = 1,2,  and  (2)  N x - ^x.x\  ® ^x.xr 

Using  induction  we  then  obtain 

CoROLi  ARY  3.2.  Let  AT|,  • ••,  A',  be  a very  proper  sequence  of  perfect  germs  of 
analviic  suhvirieties  at  the  c.'igin  in  O and  suppose  each  A",  is  cither  a complete 
intersection  or  of  codimensiv<n  2.  Lei  = X^  (1  •••  0 ATj-i  0 Af,*!  •••  0 X,. 

Then  if  X =»  **c  have  N x “ ©,^-i  ‘'^x.y. 

We  now  state: 

TuroRFM  2.  Let  X |,  •••,  X,  he  a very  proper  sequence  of  perfect  germs  of  analytic 
suhvaricties  at  the  origin  in  C“  with  X =»  0^-1  ^ Suppose  each  A',-  is  either  a com- 
plete intersection  or  of  codimension  2.  Then  every  element  ofT\  lifts  to  a flat  analytic 
deformation  of  X. 

Ppnor.  Let  ge  hix  represent  [g]  e T](.  Then  by  Corollary  3.2  we  have  g = ©g„ 
‘^x.r.<  definition  /?,  = or,  (/^  0 I)  for  some  infinitesimal  deformation 

hi  of  X,.  By  16],  (9],  h,  lifts  lo  a flat  analytic  deformation  H,  of  A',  and,  by  Lemma 
2.3,  f]H,  is  then  a flat  analytic  deformation  of  X inducing  g. 

We  now  clearly  have 

Corollary  3.3.  Le>  X.  Xf,  •••,  AT,  he  as  in  Theorem  2.  Suppose  dime  T\  = N < co 
MO  that,  by  (2|  X has  an  analytic  versal  deformation  space  y — S.  Then  S a:  C''. 

Rfmark.  Nx,r.  in  the  above  theorem  and  corollary  consists  of  the  spaje  of  all 
infinitesimal  first-order  deformations  of  X obtained  by  holding  K,  fixed  and  moving 
only  Xi.  Thus  by  Corollary  3.2  and  Theorem  2 every  deformation  of  X can  be 
written  as  a combination  (intersection)  of  mpvcmcnts  of  X in  >',  obtained  by  hold- 
ing Yi  fixed  and  moving  only  X,,  Note  that  even  movements  of  A',  which  r.re  trivial 
deformations  may  induce  nontrivial  deformations  of  X.  For  example  let  X\  be  the 
perfect  arialytic  subvariety  of  codimension  two  in  C*  given  by  the  vanishing  of  the 
maximal  minors  of  tne  relations  matrix. 

f'l 

X2  rj  : 

Ui  MJ 

Let  ATf  be  the  nonsingular  hypcrsurface  with  defining  equation  A =«  - zj  -i-  r, 

+ e«.  The  deformation  space  a of  A'  >$  tlicn  given  by  intcrscctirg  the  variety  .f| 
•••,  *«)  * C'Vi.  dcfir:d  by  ‘.he  relation  matrix 

I* 

h *s 

X*  -f  I,X,  ; /, 
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thus  remains  to  show  that  the  pencric  fiber  V,  of  V has  singular  locu^  I,  with 
codim  (l'„  y)  a A.  Ut  r,  ==  codim(A',,  C»),  cj  = codim  (-Vi.  C"),  J,.,  » 
and  2;,,  « f).  Let  P:C"  x T x 7’2  be  the  canonical  projection,  Z,., 

“ ” *(i  i)  for  (i,  t)f:T\  X T ,,  y,  , ST  K p ,7,_,  and  p:  y,_,  -*  C the  obvious 
prs  ;cctiui».  Define  F;Z,.,-C«xC-  by  A u,  g)  = {p-'(rh  r)  so  that  P, , 
“ ^ X I 2.,)  Let  1,.,  = //(r..,)  and  2,.,  = x f's.,)  U 

X 2.’). 

Then  S.,1  c I, , and  it  can  be  shown  that,  for  generic  g,  S,_,  n p~*(g)  - f,., 
n P '(if)-  Now  since  fis  (l.it  (1],  we  ob»ain 

codii.Kf,., ; y„,)  a min  (codirr(J,., ; K,.,),  codim {I2., ; f's.,))  ^ k. 

For  generic  st. 

However  codim  (f,.,  P /»*'(if)  = codim(;,.„  P, ,,)  for  generic  g,  J, ».  Thus 

for  generic  re  T we  find  codimLytr,),  >',)  a k,  as  desired. 

Clearly  our  theorem  can  be  inductively  extended  to  any  sequence  X^,  X,  of 
germs  of  perfect  analytic  subvarieties  of  C"  satisfying 

codim  ( f)  X,,  C")  = V codim  (X,,  O'),  for  all  t ^ r. 

'•-I  1 1 

We  call  such  a sequence  a proper  sequence. 

If  the  sequence  satisfies  the  stonper  condition 

tvHlim  [ f)  X,^.  C-)  = V codim  {A„,  C-)  of  [ I,  «} 

'^'1  ' / 1 

for  al!  subsequences  ij  < 12  •••  < i,  then  we  shall  call  it  a very  proper  subsequence. 
In  the  case  of  perms  of  detcrminantal  varieties  we  can  obtain 

Corollary  I.  /,</  A'j.  •••,  X , he  a proper  sequence  of  germs  of  detcrminantal  suh,- 
varieties  of  C'  of  type  (m„n„  /,)  respectively.  For  each  1,  such  that  Jf,,  is  not  a 
complete  intersection,  set  kj  = m,^  + n,^  - 21,^  + 3.  Let  X = if 

dim  X < min,  A,,  X is  smoot liable. 

Corollary  2.  Let  X\,‘-’,X,bca  proper  sequence  of  germs  of  analytic  subvarieties 
of  C*.  Suppose  each  X,  is  either  a complete  intersection  or  a perfect  subvariety  of 
codimension  2.  Let  A =»  Q A',.  Then  dim  A'  5 3 implies  X is  smnothahle. 

Proof.  By  (9),  [It]  if  A',  is  perfect  of  codimenvion  2 it  is  detcrminantal  of  type 
(n,  n — I,  n — I).  Thus  A,  = 4 Now  apply  the  previous  corollary. 

We  now  tu^n  to  the  versal  delormation  spaces  oi  tnieisettions  of  the  alxivc  type. 

.3.  \ vrsal  dcforniatioii  snpees.  lor  a v;mi  of  an  analytic  subvariety  A of  C* 
let  denote  the  sheaf  of  tangent  vectors  of  .V.  Tlicn  the  ( x module  of  isomorph- 

ism clas‘''s  of  first  order  infmitcsim.al  deformations  of  AT,  is  defined  by  the  exact 
sequence 

0 .TJ .0 

where  N,  ■«  Hoi„„^.(./(A').  C.v)  and  p is  th'  mapping  taking  2,0,(v)-a/5  jr  to  the 
homomorphism/,  >■<  Sec  H2)  for  further  details. 

Now  let  A’j,  A'2  be  germs  of  analytK  subvarieties  at  the  origin  and  set 
■^"^1  n X 2-  Consider  Cv  to  be  a module  over  Cx,  a»d  let  tt,:Nx^  ® fg. 
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with  the  variety  .Vj  dclincd  by 

+ r^r^  + l(,Zj 

+ ^7*2  + ^10- 

Note  that  the  first  four  parameters  /|,  ••■,  tf  correspond  to  moving  X in  •'2  while 
holding  .V.  fixed  while  the  last  six  parameters  correspond  to  movine  Afin  Jf,  holding 
A”,  fixed.  Note  also  that  TV  is  no*  the  direct  ram  of  T]^,  and  since  A',  being 
rigid  has  T\-,  — {0}  and  dim  T'^-  •-  4.  Also  as  deformation,  of  X2.  all  t!.e  X2.1 
are  isomorphic  to  .Vo  and  .Vo  s:  ,Vo  x C'".  However  these  trivial  deformations  of 
.V2  i'’dinc  nontrivial  deformations  of  A'|  f)  ^'2  = X. 
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Ufi  tho  Mt'^Bsian  of  the  C.irntho''»dory_Moir 
J.TCoh  Hiirboa* 

Ahscract . Tho  genoralizod  lowor  llossian  of  an  upper  Rcmi-ront inuous  funrtion 
f near  a point  z In  Is  intro.luced  (for  n - 1 see  Heins,  Nagoya  Math. 

J.  21  (1962),  1-60).  With  this  we  introdure  a "sectlon.al  curvature"  and  we 
prove  that  the  sertional  curvature  of  the  Carat hehdory-Reif fen  metric  is 
always  < -4.  This  generalizes  a result  of  Suita  (Kodai  Math.  Sem.  Rep.  25 
(1973),  215-218)  in  the  one  di  monsional  case.  Tlic  sertional  curvatures  of 
the  ball  and  polydlsk  are  always  -4.  Few  other  properties  of  the  Hessian 
of  the  above  metric  are  shown. 
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Unfortunately,  shortly  after  this  grant  was  awarded,  circumstances 
led  to  the  separation  of  the  principal  investigators.  During  most  of  the 
grant  period,  they  vere  located  on  three  separate  continents  and  this  led 
to  certain  difficulties  of  interaction  not  foreseen  when  the  grant  was 
undertaken. 

In  addition,  the  scope  of  the  proposal  was  extremely  wide  and  thus, 
in  certain  areas,  only  preliminary  results  were  obtainable.  The  investi- 
gators are  thus  continuing  much  of  the  work  begun  during  the  grant  period 
in  their  own  individual  research. 
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